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Abstract 

A classical result says that a free action of the circle on a topological space X is geometrically 
classified by the orbit space B and by a cohomological class e e iJ (i?, Z), the Euler class. When the 
action is not free we have a difficult open question: 

n : "Is the space X determined by the orbit space B and the Euler class?" 

The main result of this work is a step towards the understanding of the above question in the 
category of unfolded pseudomanifolds. We prove that the orbit space B and the Euler class determine: 

• the intersection cohomology of X , 

• the real homotopy type of X. 

In this work, we give an answer to the question 11 in the category of unfolded pseudomanifolds. 
The object studied are the modelled actions $: § x X ^ X. Here, the total space X is an unfolded 
pseudomanifold and the action $ preserves this structure in such a way that the orbit space B is still an 
unfolded pseudomanifold. 

A priori, the action <I> classifies the strata of X in two types: the mobile strata (containing one- 
dimensional orbits), and the fixed strata (containing the fixed points). But we see in this work that we 
need a finer classification: a fixed stratum 5 can be perverse or not perverse. The stratum S is perverse 
when the action of §^ on its link is not cohomologically trivial. 

In the context of singular actions, the meaning of "Euler class" it is not clear: there are non trivial 
circle actions having a contractible orbit space B. This Euler class e can be recovered by using the 
de Rham intersection cohomology M {—)■ It has been proved that e lives in 1H_{B) where the Euler 
perversity e takes the following values 

when S mobile stratum, 
^(•S") — { ^ when S not perverse fixed stratum 
2 when S perverse stratum 

(cf. [1, 5.7]). Notice that the Euler class contains the geometrical information about the nature of the 
strata. 

The main result of this work is the following: the orbit space i? of a modelled action and the Euler 

2 

class e £ IH_{B) determine the intersection cohomology of X (cf. Corollary 3.3), the real homotopy type 
of X (cf. Corollary 3.4) and the perverse real homotopy type of X (cf. Corollary 3.5). The main tool we 
use is the Gysin sequence constructed for ^> in [1]. 
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1 Intersection cohomology of modelled actions 

We recall in this Section the main results of [1] we are going to use in this work. 

1.1 Modelled actions. A reasonable action of the circle on a stratified pseudomanifold must produce 
a stratified pseudomanifold as orbit space. These are the S -pseudomanifolds of [2, Section 4]. In this 
work we shall use a variant of this concept, the modelled action <^ : S x X ^ X oi the circle S on 
an unfolded pseudomanifold X, since the unfolded pseudomanifolds support the (de Rham) intersection 
cohomology (cf. [1]). We list below the main properties of a modelled action <l>: S x X — > X of the 
circle S on an unfolded pseudomanifold X. We denote hy B = X/S the orbit space and by vr: X ^ B 
the canonical projection. 

(MA.i) The isotropy subgroup is the same for each x £ S. It will he denoted hy S^. 

(MA.ii) For each regular stratum R we have S]:j = {!}. 

(MA.iii) For each singular stratum S with = S\ the action $ induces a modelled action : x 
Ls — > Ls, where Lg is the link of S. 

(MA.iv) The orhit space B is an unfolded pseudomanifold, relatively to the stratification Sb = 
{7r(5') / S Sx}, and the projection it: X ^ B is an unfolded morphism. 

(MA.v) The assignment S ^ 7r(S') induces the hijection ng: Sx Sb- 
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The action <I> classifies the strata of X in two types: the stratum S is mohile when is finite and it 
is fixed when = . In this work, we need another classification for the fixed strata. A fixed stratum 
S is perverse when H* {Ls\T,Lg) ^ H (^Ls\>^Ls) /^^'^ ® H* ^S^^ , where is the singular part of the 
link Ls (cf. [1, 5.6 (3)]). 

1.2 Examples. Consider B = cS^. Essentially, there are three different modelled actions having B as 
the orbit space. 

$i:S'xcS3 — >cS3 defined by ^i{z,[{u,v),t]) = [{z ■ u, z ■ v),t\, 

$2: X c(S2 X §1) — ^c(S2xSi) defined by ^2{zA{x.w),t\) = [{x, z ■ w),t\, and 

$3: X (c(S2) X §1) — > (c(S2) X §1) defined by $3(2, ([x, t], = {[x,t\,z-w). 

The difference between these actions lies on the geometrical nature of the singular stratum {t?} 
(vertex) of B. In fact, in the first case the stratum {??} comes from a perverse stratum, in the second 
case the stratum comes from a non-perverse fixed stratum and in the third case the stratum 
comes from a mobile stratum. 

1.3 Gysin sequence. Since the Lie group is connected and compact, the subcomplex of the 
invariant perverse forms computes the intersection cohomology^ of X. In fact, for any perversity p, the 

inclusion {Q._{X)\ ^ ill(X) induces an isomorphism in cohomology. This complex can described in 



if5G5r' 



V J V 

terms of basic data as follows. Consider the graded complex 



(1) mliX) = { {a, 13) G U*{B) e QllliB) 



\\da + i-l)\P\l3Ae\\^^s)<P{S) J 



endowed with the differential D{a,P) = {da + (— l)''^'/? A e,d(3). Here | — | stands for the degree of 
the form, e S 11 {B) is an Euler form and x is the characteristic perversity defined by x{tt{S)) = 



^¥ov the notions related with the intersection cohomology, we refer the reader to [i, Section 3]. 
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1 if 5 is a fixed stratum 
if 5" is a mobile stratum 



The assignment {a, (3) i— > Tr*a + 7r*(3 Ax establishes a differential graded 



isomorphism between and {Q._{X)\ 
From (1) we have the short exact sequence 



where 



The Gysin term Ql ^ (B) is the differential complex 



|/3 € ^l_-iB) / 3q € U\B) with 

• §_{a, (3) = /3, and 

• TT-{u:) = Tr*uj. 

The associated long exact sequence 



7t{S) 



< p{S) and 



(-1)1/^1/3 A 6|U5) <p{S) _ 



> ih;\x) ^ H^g^iB 

where e_[/3] = [da + (— l)'^'/? A e], is the Gysin sequence. 
Recall that the Euler perversity e is defined by e(5) 



i + 2 



when S mobile stratum, 

1 when S not perverse fixed stratum 

2 when S perverse stratum 

2 

So, the Euler class e = [e] belongs to 1H_{B). This class detects the perverse strata: a fixed stratum is 
perverse iff the Euler class es € lH^(^Ls/E:^^ of the action : x — > Ms, does not vanish (see 
(MA.iii)). In the next Section, we shall use the following Lemma 

Lemma 1.3.1 Let p be a perversity with p >e. If X is connected and normal, then 



(2) 



and e_(l) = e. 



Proof. Condition p > e implies 1 € Q_{B). Since X is connected and normal, then the regular part 



B\Y,B is connected. Then H (g_{B 



Finally, the definition of e_ gives e_(f ) = [e] = e. 



2 Perverse algebras 

Although the intersection cohomology ]H_{X) is not an algebra, we recover this structure by considering 
all the perversities together. These are the perverse algebras we present in this Section. 



2.1 Perverse algebras. A perverse set is a triple {V, +, <) where {V, +) is an abelian semi-group 
with an unity element and {V, <) is a poset verifying the compatibility condition: 

p <q and p' < q' =^ p + p' <q+q', for p, q, p',q' S V. 

In order to simplify the writing, we shall say that P is a perverse set. 

A dgc perverse algebra (or simply a perverse algebra) is a quadruple E = (E, l. A, d) where 
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- E = ^^E- where each E- is a graded (over Z) vector space, 

- i = : E- ^ E- / p <'q^ is a family of graded Unear morphisms, and 

- {E, d, a) is a dgc algebra, 
verifying 

+ i^,^ = Identity + = + A (i?^ x E_,) C i?.^., 

+ d {E^) CE. + {a A a') = i..{a) A {a') + du.- = i..^d 

Here, p <q <r, p' <q' , a & E- and a' G . 

Associated to a dgc perverse algebra E = {E,L,A,d) we have another dgc perverse algebra, namely, 

its cohomology H {E) = [E-, d) , t. A, I , where l and A are induced by the previous l and A. 

VpeP / 

A dgc perverse morphism (or simply perverse niorphism) f between two perverse algebras E = 
{E,L,A,d) and E' = {E' , l' , A' , d') is given by a family / = |/_: E- — > £^_| of differential graded mor- 
phisms verifying 

(3) L'—°f- = f-°i— 

\ / p,q p •> q p,q 

and 

(4) 4^^,(aA6) = 4(a)A4,(6). 

Here, p <q, a E- and b € E_, . We shall denote the perverse morphism hy f : E ^ E'. It induces the 
perverse morphism /: H{E) — > H{E'), defined by /^[a] = [/p-(a)] for each p and [a] € H (^E-,d^. 

When each /_ is an isomorphism, we shall say that / is a dgc perverse isomorphism (or simply perverse 
isomorphism). It induces the perverse isomorphism /: H{E) H{E'). 

2.2 Perverse algebras and modelled actions. Fix $ : x X ^ X a modelled action. The family 
of perversities Vx of X has a partial order < and an abelian law + in such a way that Vx is a perverse 
set. In the same way, Vb is a perverse set. Since the two posets S"^"^ and 5^"* are isomorphic (cf. 
(MA.v)), then the perverse sets Vb and Vx are isomorphic through the map p i— > p°tt (cf. (MA.iv)). In 
the sequel, we shall identify these two perverse sets. 

Associated to the modelled action <I>, we have the following dgc perverse algebras. 

+ The perverse de Rham algebra: n{X) = ln{X)= n_{X),L,A,d 

+ The intersection cohomology algebra: ]H{X) = I M {X) = ]H_{X), t, A,0 I . 

Analogously for B. The quadruple IQ {X) = I m{X) = m_{X), l,A,d\ is a also perverse algebra. 

\ WVx J 

Here, the wedge product is defined by (a, /3) A (a', /3') = {aAa', (—1)'" ^/SAa' + aAP'). A straightforward 
calculation shows that the operator 

(5) A = {A_}:/n(X)^n(X), 
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defined by A_(a, (3) = TT*a + tt*P A Xj induces a perverse isomorphism in cohomology. 

For each perversity p we have the linear morphism p_: i}_{B) IQ_{X) defined by p^{a) = (a,0). 
The operator p = {p-}'- ft{B) — > Ift{X) is a perverse morphism. It induces the perverse morphism 
TT = A°p: M{B) h{X). 



3 Cohomological classification of modelled actions 

We considered in this Section a modelled action <I> : x X ^ X whose orbit space is a fixed unfolded 
pseudomanifold B. We prove that the intersection cohomology algebra and the (perverse) real homotopy 
type of X are determined by the Euler class. 

3.1 Fixing the orbit space. Consider <I>i : §^ x Xi Xi and $2 : x X2 ^ X2 two modelled 
actions and write Bi and B2 the two orbit spaces. Consider / : i?i — > i?2 an unfolded isomorphism. The 
two posets .Sr"" and tSo"" are isomorphic through the map vri(S') 1— > f{7ri{S)). The perverse sets Vbi 
and 'Pb2 isomorphic through the map p 1— s- p°f~ ■ In the sequel, we shall identify this two perverse 
sets in order to compare the perverse de Rham algebras of Xi and X2. 

The induced map /* : 11* (-B2) —>' n* (Bi) is a well defined differential graded isomorphism. It preserves 
the perverse degree. For each perversity p we write /_: ^}_{B2) — > il_(-Bi) the differential graded isomor- 
phism defined by /^.(a) = f*a. The operator / = {7^}: ^(-62) I^{Bi), is a perverse isomorphism. 
It induces the perverse isomorphism /: N{B2) — > SI{Bi). 

The unfolded isomorphism / is optimal when it preserves the nature of the strata, that is, when it 
sends the fixed (resp. perverse, resp. non-perverse) strata into fixed (resp. perverse, resp. non-perverse) 
strata. In this case, the two Euler perversities are equal: ei(7ri(5')) = e2(/('/ri(S'))) for each singular 
stratum 5 G ■ We shall write e for this Euler perversity. 

2 2 

Now we can compare the two Euler classes ei G IH_{Bi) and 62 € ]H_{B2) We shall say that ei and 
62 are proportional if there exists a number A € IK\{0} such that /■^(e2) = A • ei. As we are going to see, 
this is the key test for the comparison between the de Rham algebras of Xi ands X2. 

Finally, we say that the actions <I>i and $2 have a common orbit space if there exists an optimal 
isomorphism between theirs orbit spaces. 

The three main results of this work come from this Proposition. 

Proposition 3.2 Let Xi, X2 be two connected normal unfolded pseudomanif olds. Consider two modelled 
actions <I>i : S x Xi — > Xi and $2: § x X2 — > X2- Let us suppose that there exists an unfolded 
isomorphism f : Bi B2 between the associated orbit spaces. Then, the two following statements are 
equivalent: 

(a) The isomorphism f is optimal and the Euler classes ei and €2 are proportional. 

(b) There exists a perverse isomorphism F : IH {X2) — > N {Xi) verifying F°7V2 = T^i°f. 
Proof. We proceed in two steps. 



(a) =^ (6) Since the isomorphism / is optimal then xi = X2 and we will denote by x this perversity. 

Since f*e2 = f*[e2] = A • ei = A • [ei], with A G M\{0}, then there exists 7 G ^^^(^2) with f*€2 = 
A • ei — d[f*^). For each perversity p we define F-: IQ_{X2) — > Iil._{Xi) by 

F_(a, /3) = (/*(«-/? A 7), r (A •/?)). 

The map F- is a well defined differential graded morphism. Let us see that. For each (a,/3) G Li}_{X2) 
and for each S G S^"^ we have 

- r(a-/5A7) Gn*(i?i). 
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/*(A./3)eCi(^i)- 



- - A 7)|U(5) = \\a-pA j\\n{f{S)) < max (||a|U(/(s)), WPW^UiS)) + Il7ll7r(/(S)); 
< max (p(S'),p(S') - x(S') + ||7||^(/(5))) < ^(5) since ||7ll7r(/(s)) <x{S). 

- ||/*ci(a-/3A7) + (-l)l'^lr(A-/3)Aei|L(5) = ||/*da - /* (d/? A7) - (-1)1^1/* (/? A^t) + (-l)'^'/* (/? A 
£2) + (-l)l'^lr (/3 A d7)| U(5) =]ir (da + (-1)1^1/3 A £2) - r (^^/? a 7)|U(5) < max(| Ida + (-1)1^1/? A 
e2|L(/(s))> A 7)ll7r(/(5))) < PiS)- 

- DiF-{a, 0) = {rd{a - /? A7) + (-l)!'^!/* (A • /3) Aei, /* (A • d/?)) = (/* {da + (-l)!'^!/? A £2) - /* (d/? A 
7), r (A • = F.{da + A 62, d/3) = i^^I)2(a, 

The family F = {F-}: IQ,{X2) IQ,{Xi) is a perverse morphism since: 

(3) A straightforward calculation. 

(4) Consider (a,/3) G I^'-iXi) and (a',/3') € /n*,(X2). Then 

((a, /3) A (a', /?')) = i^^+^,((a A a', (-l)l-'l/3 A a' + a A /?')) = (/* (a A a' - A a' A 7 - 

«A/3'A7),r((-l)l"'lA-/3Aa' + A-aA/3')) = (/*(« -/3A7), r(A • /3)) A (/*(«'- /3'A7), r(A/3')) = 
F_(a,/3) AF_,(a',/3'). 

In fact, the perverse morphism is a perverse isomorphism, the inverse is given by = {F_ }, where 

F~\a,(3) = {f-*a + A'^ • /"*/? A 7, A"^ • /-*/?). We conclude that the induced operator F: M {X2) 
]H (Xi) is a perverse isomorphism. Finally, the equality F°7V2 = T^i°f comes from 

F^((^2y«)) = F^ia,0) = (ra,0) = {7^^)^{ra) = (7ri)^(4(a)), 
where p is a perversity and a G Ifi_{B2). 



jb) (a) I Write / = {/_: 1H;{B2) IHliB,)] and F = [f.: H'_{X2) MliX^)]. Consider 



now the Gysin sequences associated to the action and $2- The two Gysin terms are written and 
2^ respectively. Since F_ o (7r2)_ = {tti)_ o f_ we can construct a commutative diagram 



(6) 



(7r2) 



Hi,g_ (B2 



2^- \^2, 

^2 



(62) 



(ei) 



H_ {Bi 



H_JX2) 



where I: H° (^^Q_ (-82)^ H° (^-^^Q_ (-Bi)^ is an isomorphism. From (2) we get that H° (^^Q_ (i?2)^ is M 
(the constant functions) and therefore £ is the multiplication by a number A € M\{0}. We prove (a) in 
two steps. 

1. If the isomorphism f is optimal then the Euler classes ei and 62 are proportional. We have 
ei = e2 = e. The formula (2) and the diagram (6) give 

A.ei = A-(eiyi) = /,((e2yi))=/,(e2). 

2. The isomorphism f is optimal. It suffices to prove that ei(7ri(S')) = e2(/(vri(5))) for each S € S"^\ 



Since H [^g'_ {Bi 



then 1 € and we get that 62 — xi > 0. So, ei(7ri(5)) = if 



Mfi^iiS))) = 0. By symmetry : ei(^i(S)) = ^ Mfi^^iiS))) = 0. 
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The fixed strata are the same for both actions. If the perverse strata are different, then we can 
find a fixed stratum S with ei(7ri(iS')) 7^ e2(/(7ri(5))) and ei(7ri(S")) = e2(/(vri(5'))) for each singular 
stratum S' with S ^ S' . In particular, the fixed strata and the perverse strata are the same on L5. 
We have proved that the Euler classes of the actions <I>i,Ls : § x Ls ^ Ls and $2,Ls : S x Ls Ls 
are proportional trough a non-vanishing factor. So, they vanish or not simultaneously. This would give 
ei(7ri(S')) = e2(/(vri(5))) (cf. 1.3). Contradiction. ^ 

3.2.1 Remark. The connectedness and the normality of Xi and X2 have only been used in the proof 
of (6) ^ (a). 

The first result of this work shows how the Euler class of the action determines the intersection 
cohomology algebra of the unfolded pseudomanifold X. 

Corollary 3.3 Consider two modelled actions <l>i : x Xi Xi and ^2- x X2 — > X2 having a 
common orbit space. If the Euler classes ei and 62 are proportional then intersection cohomology algebra 
of Xi and X2 are isomorphic. 

The second result of this work shows how the Euler class of the action determines the real homotopy 
type of the stratified unfolded X. 

Corollary 3.4 Let Xi, X2 be two connected normal unfolded pseudomanifolds. Consider two modelled 
actions $1 : S x Xi — > Xi and $2 : § x X2 — > X2 having a common orbit space. If the two Euler classes 
ei and 62 are proportional than the real homotopy type of Xi and X2 are the same. 

Proof. The real homotopy type of X^ is determined by the dgca for k = 1,2 (cf. [.;]). The result 

comes from the following sequence of dgca quasi-isomorphisms: 

A _ p_ A _ 

n:{X2) ^ m:iX2) ^ mlix,) ^ n:ix^) 

(cf. (5), Proposition 3.2). Jft 

Inspired by the notion of real homotopy type we can define the perverse real homotopy type of an 
unfolded pseudomanifold in the following way. Two unfolded pseudomanifolds Xi and X2 have the same 
perverse real homotopy type if there exists a finite family of perverse quasi-isomorphisms 

Xi ^ . ^ • ■ ■ ^ . ^ X2. 

Here, a perverse quasi-isomorphism is a perverse isomorphism inducing an isomorphism in cohomology. 
Notice that, in the Proposition 3.2, we have proved in fact the following result: 

Corollary 3.5 Consider two modelled actions $1 : x Xi Xi and <I>2 : x X2 — > X2 having a 
common orbit space. If the two Euler classes ei and 62 are proportional then the perverse real homotopy 
type of Xi and X2 are the same. 
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